In this paper, we analytically investigate the noncommutative effects of a charged black hole on holographic superconductors. The effects of charge of the black hole is investigated in our study. Employing the Sturm-Liouville eigenvalue method, the relation between the critical temperature and charge density is analytically investigated. The condensation operator is then computed. It is observed that condensate gets harder to form for large values of charge of the black hole.
Introduction
In the past two decades, a lot of investigation has been carried out on the AdS/CFT correspondence [1] - [4] which is a duality between a gravity theory and a gauge theory living on its boundary. In the course of time, it has proved to have tremendous applications in condensed matter physics and also other branches of theoretical physics [5] - [16] . It is a map which relates strongly coupled systems to weakly coupled systems. The usefulness of this map is evident from the fact that studying the properties of a weakly coupled system can in principle yield the properties of a strongly coupled system. This theoretical insight has been exploited to explain the properties of high T c superconductors which cannot be explained by the BCS theory of superconductivity (known to explain weakly coupled superconductors) [17] . The idea is to construct a gravity theory in one higher dimension and study its properties. The map is then applied to extract the properties of the boundary theory. The gravity theory being a weakly coupled system can be investigated by perturbation theory which in turn gives the properties of the strongly coupled system living on the boundary of the gravity theory. In the gravitational side, a phase transition via scalar hair formation occurs outside the black hole which is asymptotically AdS through the spontaneous symmetry breaking mechanism [18] , [19] . A lot of investigations has since then been carried out numerically and analytically in this direction [5] - [11] , [20] - [41] trying to explain the properties of high T c superconductors. However, one must accept the fact that this model is too crude to make any detailed comparison with any real world material. Another prominent area of research in theoretical physics is noncommutative (NC) geometry, first formally introduced in [42] back in 1947. However, it remained unnoticed till the end of the last century when it was resurrected by giving the rules to move from ordinary quantum field theory (QFT) to NC QFT [43] . In more recent times, a NC inspired Schwarzschild and Reissner-Nordström (RN) black hole spacetimes were obtained in [44, 45] . Here the Einstein's equation of general relativity were solved by incorporting the effect of noncommutativity through a smeared matter source. An interesting feature of this black hole solution is that it does not have a physical singularity. In [46] , an in depth study of the thermodynamics of this black hole solution was made. In this paper, we have analytically investigated the effect of noncommutativity of a NC inspired charged black hole on holographic superconductors. The motivation of this work is the following. We want to study whether the charge of a black hole favours the formation of the condensate. The effects of noncommutativity of a NC inspired Schwarzshild black hole on holographic superconductors have been investigated in [47, 48] . In this paper, the analysis has been extended to the case of charged black holes. We also carry out our study in the framework of Born-Infeld (BI) electrodynamics. The calculations are valid upto first order in the BI parameter. Employing the Sturm-Liouville eigenvalue method, we obtain the relation between the critical temperature and the charge density. We observe that the condensation gets hard to form in the presence of the BI parameter b, NC parameter θ and mass M and charge Q of the black hole. We also find that there exists an upper bound of the charge of the black hole above which we do not get a physical solution. Finally, we compare our analytical results with the numerical results. The paper is organized as follows. In section 2, we provide the basic holographic set up for the holographic superconductors in the presence of NC inspired Reissner-Nordstrom black hole. In section 3, we compute the critical temperature in terms of a solution to the Sturm-Liouville eigenvalue problem. In section 4, we analytically obtain an expression for the condensation operator. Finally, we summarize our findings in section 5.
Basic set up in noncommutative space
The action for the formation of scalar hair in an electrically charged black hole in ddimensional anti-de Sitter spacetime in the framework of Born-Infeld electrodynamics reads
where
is the cosmological constant, F µν = ∂ µ A ν − ∂ ν A µ is the field strength tensor, D µ ψ = ∂ µ ψ − iA µ ψ is the covariant derivative, A µ and ψ represent the gauge and the scalar fields. The black hole spacetime in which we consider the above action is that of a d-dimensional planar NC RN AdS d black hole whose metric reads [44] , [45] 
where dx i dx i represents the line element of (d − 2)-dimensional hypersurface with no curvature and
is the lower incomplete Gamma function, M is the mass of the black hole and Q the charge of the black hole. In the limit θ → 0, one recovers the commutative RN black hole spacetime in d dimensions.
The Hawking temperature, interpreted as the temperature of the conformal field theory on the boundary, is given by
where r + is the event horizon radius of the black hole.
In the rest of our calculation, we shall set L = 1 for convenience. The radius of the event horizon of the black hole can be obtained from the relation f (r + ) = 0 and reads
Using this relation and eq. (5), we get the expression for the Hawking temperature of the black hole to be
The ansatz for the gauge field and the scalar field is now chosen to be [5] A µ = (φ(r), 0, 0, 0) , ψ = ψ(r).
The equations of motion for the gauge and the scalar fields with this ansatz read
where prime denotes derivative with respect to r. The φ(r + ) = 0 and ψ(r + ) to be finite at the horizon are required for regularization. Near the boundary, r is large and hence e −r 2 4θ 1 as θ is small which in turn implies that the effect of noncommutativity of space can be neglect on the asymptotic behaviour of the fields. The asymptotic behaviour of the fields can therefore be written as
and µ and ρ are interpreted as the charge density and the chemical potential of the boundary field theory from the gauge/gravity dictionary. In this paper, we choose ψ − = 0 so that ψ + is dual to the expectation value of the condensation operator J in the absence of source term for condensation. Under the change of coordinates z = r + r , the field equations (9), (10) become
where prime now denotes derivative with respect to z. Our aim is to solve these equations in the interval [0, 1], where z = 1 is the horizon and z = 0 is the boundary. Further, we choose m 2 = −3 consistent with the Breitenlohner-Freedman bound [49] . This leads to ∆ + = 3 and ∆ − = 1 for d = 5.
The critical temperature T c
In this section we analyze the relation between the critical temperature and the charge density. To start the analysis, we note that the matter field must vanish for T ≥ T c . The aim is to investigate the behaviour of ψ(r) just below the critical temperature T c . To do that, we first solve the equation for φ(r) at T = T c where ψ(r) vanishes. Eq.(14) therefore reduces to
To solve the above equation, we set φ (z) = ξ(z) and obtain a first order differential equation ξ(z). This reads
This is a Bernoulli differential equation in ξ(z) which can be recast as
Integrating the above equation in the interval [0, 1] and using the boundary condition (11) which in terms of ξ takes the form
, we obtain
Now we integrate eq.(18) in the interval [1, z] and use eq.(19) to get
Integrating eq. (20) once more in the interval [1, z] and using the fact that φ(z = 1) = 0, we obtain
The above integral cannot be done exactly and hence we expand the integrand binomially and keep terms upto first order in the BI parameter b. On doing this, the solution for φ(z) takes the form
where we have used the fact that bλ
Now we concentrate on the metric. With the change of coordinate z = r + r , the black hole spacetime given by eq.(2) reads
Now eq. (15) for the field ψ near the critical temperature T → T c approaches the limit
where φ(z) now corresponds to the solution in eq. (23) . Now defining
where F(0) = 1 and J is the condensation operator and substituting this form of ψ(z) in eq.(27), we get
to be solved subject to the boundary condition F (0) = 0. This equation can be rewritten in the Sturm-Liouville form
with
The task is to estimate the value of λ 2 . The following expression for λ 2 does the job
Since extremizing this expression yields eq. (30) . To estimate the eigenvalue λ 2 , we shall now use the trial function
with F α (z) satisfying to F α (0) = 1 and F α (0) = 0. We now move onto obtain the relation between the critical temperature and the charge density for d = 5. At T = T c the horizon radius r + can be obtained from f (r +(c) ) = 0. Now since the horizon radius is large compared to the NC length scale, hence we can keep the leading order terms in the Gamma function to obtain
In the limit θ → 0, the above equation takes the form
where r
(c) denotes the commutative horizon radius at the critical temperature. To get a real positive solution for r (0) +(c) we have to put a bound on Q which reads
The largest root of eq. (35) with the largest value of Q reads
We now consider a small NC correction on the horizon radius of the form
Substituting this in eq.(34) and solving for σ yields
.
(39 Using eq.(s) (37, 38, 21) , we obtain from eq.(7) upto first order in σ
This is the sought relation between the critical temperature and the charge density. Note that we have used r +(c) ≈ R (which is the leading order term in eq. (38) 
Using these functions, we can now calculate the value of λ 2 from eq.(32) by following the procedure in [26] . This gives us the relation between the critical temperature and the charge density for different values of b, Q and θ. It is reassuring to note that for Q → 0, we recover the results in [47] . Our analytical results and numerical results are shown in Table 1 and Table 2 . We have displayed our findings in Figure 1 where we have plotted our analytical values of Tc ρ 1/3 vs. Q for different values of the BI parameter b, NC parameter θ and the mass M of the black hole. We observe that the effect of charge on the critical temperature is effective when the mass of black hole is small. It is also observed that the value of 
Condensation values and the critical exponent
In this section, we shall investigate the relation between condensation operator and the critical temperature. To proceed, we write down the field equation (14) for φ(z) near the critical temperature T c 
Note that we have kept the general form for the black hole spacetime (f (z)) which would be later set as the NC inspired RN metric. The next step is to expand φ(z) in the small parameter
with ζ(1) = 0 = ζ (1). Substituting eq. (44) in eq. (42) and comparing the coefficient of
on both sides of this equation (keeping terms upto O(b)), we get the equation for the correction ζ(z) near the critical temperature
To solve this equation, we multiply it by the integrating factor z Using the boundary conditions on ζ(z), we integrate the above equation between the limits z = 0 and z = 1. This gives
The asymptotic behaviour of φ(z) in eq. (11) and eq. (44) gives the following equation
Comparing the coefficient of z d−3 on both sides of this equation, we get
It is to be noted that ζ (z) and (d − 3)-th derivative of ζ(z) are related by (48, 51, 53) yields the relation between the charge density ρ and the condensation operator J ρ r
Simplifying the above relation and using eq. (7) and eq. (21), we obtain
Since T ≈ T c , we have
From this we finally obtain the relation between the condensation operator and the critical temperature in d-dimensions
The critical exponent is observed to be 1/2 which agrees with the universal mean field value. We shall now set d = 5 and m 2 = −3 for the rest of our discussion. The choice for m 2 yields ∆ + = 3. Eq.(57) now simplifies to
The expressions for A 1 (z) and β simplify to
Substituting eq.(60) in A 2 and keeping terms upto O(b), we obtain
For Q = 0 we recover the results in [47] . In Tables 3 and 4 , we have shown the numerical and analytical values of β 1 for different values b, θ, M and Q and we find that they are in very good agreement.
Conclusions
In this paper, we have analytically investigated the effects of the charge and mass of a black hole on holographic superconductors in the presence of a noncommutative inspired Reissner-Nordström black hole. Using the Sturm-Liouville eigenvalue method, the relation between the critical temperature and charge density is obtained first. It is observed that the condensation gets hard to form in the presence of the Born-Infeld (b) and noncommutative (θ) parameters. Further, it is found that higher values of the charge and mass of the black hole makes the condensate even harder to form. However, for large mass black holes, the effect of charge of the black hole is negligible as seen from the relation between the critical temperature and the charge density. We also conclude from our investigations that the charge of the black hole plays a crucial role on the properties of holographic superconductors when the mass of the black hole is small. From the expression of the condensation operator, we observe that the values of the condensation operator are higher for higher values of b, θ, M and Q. Our analytical results agree very well with the numerical results.
